
the flow in je t s  with c lose  Mach number s  Ma = 2.63 and 2.78 and with d i f ferent  nozzle g e o m e t r i e s  s h o w s t h a t  
with an i n c r e a s e  in the angle ~ (see  Fig.  1), i .e . ,  with an  i n c r e a s e  in 6, the h y s t e r e s i s  phenomena d e c r e a s e  
and d i sappea r .  Conver se ly ,  a d e c r e a s e  in the angle p p r o m o t e s  the development  of h y s t e r e s i s .  For  example ,  
for  a jet  with Ma = 2.54, d / D  = 0.753, ~ = 0, and fi = 8 ~ [4] (Fig. 6; points 1 co r r e spond  to an inc rease  in n, 
and points 2 to a d e c r e a s e  in n) the h y s t e r e s i s  zone has  the m a x i m u m  range  of expans ion  ra t ios .  Thus,  
h y s t e r e s i s  phenomena in supe r son ic  je ts  e s sen t i a l ly  depend on the Mach number  and the prof i l ing of the 
nozzles .  

1. 

2, 
3. 
4. 

L I T E R A T U R E  C I T E D  

G. Yu. Stepanov and L. V. Gogish,  Quas i -One-Dimens iona l  Gasdynamics  of Rocket  Engine Nozzles  [in 
Russ ian] ,  Mash inos t roen ie ,  Moscow (1973). 
A. I. Shvets  and I. T. Shvets ,  Gasdynamics  of a Near  Wake [in Russian] ,  Naukova Dumka,  Kiev (1976). 
A. I. Shvets ,  "A superson ic  annular  jet ,"  Zh. Pr ik l .  Mekh. Tekh.  F iz . ,  No. 2 (1975). 
L. V. Gogish and O. S. Pokrovsk i i ,  "Calcu la t ion  of h y s t e r e s i s  and f low- ra t e  osci l la t ions  in superson ic  
annular  je ts ,"  Izv.  Akad. Nauk SSSR, Mekh. Zhidk. Gaza,  No. 1 (1977). 

A E R O D Y N A M I C  F O R C E S  A C T I N G  ON T H E  B L A D E S  

O F  A T H R E E - D I M E N S I O N A L  A N N U L A R  A R R A Y  

W I T H  N O N S T E A D Y  F L O W  

V .  P .  R y a b c h e n k o  UDC 532.5:621.22 

We p re sen t  a compute r  r ea l i za t ion  of the solution of the t h r e e - d i m e n s i o n a l  p rob lem of the nonsteady 
flow over  the vane c rown of an axia l  turbine by an i r ro ta t iona l  s t r e a m  of an ideal  i ncompress ib l e  fluid, based  
on the v o r t e x  theory  of a s c r e w  [1] and of a wing of finite span  [2]. 

To  solve this  p rob lem in [3, 4] the g e o m e t r y  of a blade crown was modeled  by a s t r a igh t  t h r e e - d i m e n -  
s ional  a r r a y  of p la tes  enc losed  be tween two planes ,  while in [5, 6] it was  modeled  by  an annular  a r r a y  of 
vanes  cons is t ing  of pa r t s  of he l ica l  su r f aces .  In the p r e sen t  r e p o r t  we adopt the second model ,  which ev i -  
dent ly  b e t t e r  d e s c r i b e s  the g e o m e t r y  of an actual  turbine.  

Because  of the complex i ty  of the a lgo r i thm sugges ted  in [4-6], t he re  a r e  only individual examples  of the 
ca lcu la t ion  of nonsteady ae rodynamic  c h a r a c t e r i s t i c s .  Below, on the b a s i s  of a s imple  a lgo r i thm which is a 
genera l i za t ion  of the working method of [7] for an es tab l i shed  flow, we analyze  the influence of the t h r e e -  
d imens iona l i ty  of the flow on the nonsteady ae rodynamic  fo r ce s  act ing on the vanes  of a round a r r a y  in a 
wide range  of va r i a t ion  of the p a r a m e t e r s  of the a r r a y .  

1. Let  us cons ide r  a uni form s t r e a m  of an ideal  i ncompres s ib l e  fluid with an axia l  ve loci ty  v through 
one a r r a y  of vanes  which a r e  ro ta t ing  with a cons tant  angular  ve loci ty  w in a coaxial  cy l indr ica l  channel 
which is infinite in the ax ia l  d i rect ion.  We a s s u m e  that  the vanes  can undergo synchronous ,  s teady,  ha rmonic  
v ib ra t ions  of low ampl i tude  a t  a f requency o~l and a constant  phase  shif t  ~ (/z = 2~/N,  where  ~ = 0, • 
~ 2 , . . .  ; N is  the number  of  vanes  i n t h e  a r r a y ) .  

We introduce c a r t e s i a n  (x, y, z) and cy l indr ica l  (x, r* ,  8")  coordinate  s y s t e m s  connected with the r o -  
ta t ing vane  a r r a y .  The x axis  is  d i rec ted  a long the axis  of ro ta t ion  while the y and z axes  a r e  drawn in the 
plane perpendicu la r  to it. The r* and 0* coord ina tes  a r e  connected with y and z by  the usual  equations,  
y = r* cos  0* and z = r* s in  0",  where  the angle 0* is reckoned in the posi t ive d i rec t ion  f rom the y axis 
(Fig. i). 

We a s s u m e  that  the vanes  Z n (n = 0, . . . .  N - 1) a r e  infinitely thin and in the cen t ra l  posi t ion they con-  
s i s t  of pa r t s  of he l ica l  su r f aces  bounded in the (r*,  0* ) plane by a rec tang le  {r  1 _< r* _< rz, an  - ~ - (~* - 
c~n + r }. H e r e  a n  = 2~rn/N; n is  the number  of  vanes ;  r 1 and r z a r e  the rad i i  of  the inner and outer  cy l in -  
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Fig. 1 

d e r s ,  r e spec t ive ly ;  ~n - r and a n  + r a r e  angles  defining the posi t ions  of  the leading and t ra i l ing  edges  of 
the n - th  vane.  Within the  f r a m e w o r k  of the l inear  theory  the v o r t e x  wakes  developing behind vanes  owing to 
the va r i a t ion  of  the c i rcu la t ion  with t ime  and over  the height  of a vane will  be  modeled  by  su r f aces  Wn of 
discont inui ty  of  the tangent ia l  ve loc i t i es ,  d i s t r ibuted  along the s t r e a m  su r f aces  of the undisturbed flow and 
bounded in the ( r* ,  O*) plane by the h a l f - s h e e t  { r  I _ r* _ r2, a n + ~ _< O* < ~ } .  The  he l ica l  su r f ace s  Z n and 
the  f r ee  v o r t i c a l  su r f ace s  W n (n = 0, 1 , . . . ,  N - 1) will  be  defined by  the equat ions 

x = rdnO, y = rlr  cos (0 + an), z = rir sin (0 ~ ~n), (1.1) 

whe re  m = v / w r i ;  r = r * / r  1 is the d imens ion le s s  r ad i a l  coordinate ;  the angle 0 = O* - an .  

We will  a s s u m e  that  the d i s tu rbed  nonsteady mot ion  of the fluid outside the vanes  and the vor t i  ca l  
wakes  is potential .  Then  the following p rob l em a r i s e s  for  the de te rmina t ion  of the potent ia l  q of the d i s -  
tu rbed  ve loc i t i e s :  

i 
A~. =Ooutside Enandw. (n=O, i, . . . , N - - i ) ,  

(v. V)q~ =V~ (x) e j("~+~'~ x ~ Y.~, 

i 
[ p l = O ,  l ( ~ . v ) ~ l = O  for x ~ W . ,  l i m v ~ = O ,  0-.2) 

~-r 0 for r = l a n d h ,  [Vq~[<oo for x~L,~ ,  

whe re  v is  the vec t o r  n o r m a l  to the s u r f a c e s  Z n and Wn; V u is  the n o r m a l  component  of the ampl i tude func-  
t ion of the osc i l la t ion  ve loc i ty  of the f i r s t  vane  (n = 0); p is the p r e s s u r e ,  de t e rmined  by  the C a u c h y - L a -  
g range  in tegra l ;  L n is the line of the t ra i l ing  edge of the n - th  vane;  x = (x, y,  z ) ;  t is the t ime;  j is an 
i m a g i n a r y  unit connected only with t r ans i en t  p r o c e s s e s ;  h = r z / r l ;  b r a c k e t s  denote a jump in the quantity 
which they contain. 

2. T o  so lve  the p r o b l e m  (1.2) we r e p l a c e  the vanes  of the a r r a y  by  v o r t e x  su r f ace s  and change f r o m  a 
continuous to a d i s c r e t e  d is t r ibut ion  of the v o r t i c e s ,  by analogy with how this  is  done in [7] in calcula t ing 
s teady  flow over  a vane  crown. We divide a vane  into N1 bands  in r and N 2 bands in 0 and model  each  i - th  
e l e m e n t a r y  a r e a  by a h o r s e s h o e - s h a p e d  vo r t ex  cons i s t ing  of a s egmen t  of the a t tached v o r t e x  d i rec ted  along 
the r axis and having a size 26r  = ( h - 1 ) / N 1  and with an in tensi ty  

F(~? (2.1) +~ (t) = r~voI"~e ~(~~ , 

and a s y s t e m  of f ree  vo r t i ce s .  H e r e  I" i is a d imens ion le s s  constant  which is  complex  with r e s p e c t  to j; v 0 
is the ve loc i ty  of the undis turbed s t r e a m  at  the middle  rad ius  r -- r 0 = (h + 1)/2 of the channel.  

According  to  the Kelv in  t h e o r e m ,  the va r i a t ion  in the intensi ty  of the a t tached v o r t i c e s  is accompan ied  
by the coming off of the f r ee  v o r t i c e s  with an  intensi ty  

~,,_ (s;, t) : : t ~r~2~ 1 (2.2) 
v 1 ( r i )  d t  t=t," 

H e r e  tl = t - s i / v  l ( r i ) ,  vl ( r )  = ~/v 2 + c02r'2, and si = r l ~  r i + m 2 0 is  the curved coordinate  of the s t r e a m -  

line of the undis turbed flow, m e a s u r e d  f rom the point  ( r i ,  0 i ) ,  where  r i is the coordinate  of the middle  of the 
s egmen t  of the i - th  a t tached vor tex ;  0 i is  i ts  angular  coordinate .  Substituting (2.1) into (2.2), we obtain 

~'_ (s~, t) mri% j q e ; ( ~  �9 

l/,,,~- ~ 
where  q = ~ l r i / v  iS the Strouhal  number .  The  axes  of these  vo r t i c e s  a r e  pa ra l l e l  to the axes  of the a t tached 
v o r t i c e s .  The  s y s t e m  of f r ee  v o r t i c e s  a lso  includes two semiinf in i te  vo r t ex  s t r ings  coming off the ends of the 
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a t t ached  v o r t e x  and loca t ed  on the  he l i ca l  l ines  def ined by  Eqs .  (1.1) with r = r i + 5r .  At  the  t i m e  t the  in -  
t e n s i t i e s  of  these  v o r t e x  s t r i n g s  a r e  F+~)(tl) in  magn i tude  and oppos i te  in s ign.  

The  c o o r d i n a t e s  of  the a t t ached  v o r t i c e s  and of  the c o n t r o l  poin ts ,  a t  which  one d e t e r m i n e s  the ve loc i t y  
induced by  the  v o r t e x  s y s t e m ,  a r e  d e t e r m i n e d  in the (r ,  0 ) plane jus t  a s  in [7]. I f  s is the  n m n b e r  of  the 
band  in 0 (s = 1 , . . .  ,Nz) ,  a is the n u m b e r  of the  band  in r ( a  = 1 , . . . ,  N1), and l is the n u m b e r  of  the h o r s e -  
s h o e - s h a p e d  v o r t e x ,  then  we c a n  i n t roduce  the n u m b e r i n g  

I = N l ( s - -  i) + 

and d e t e r m i n e  the c o o r d i n a t e s  of  the  m i d d l e s  of  the  s e g m e n t s  ( r / ,  Ol ) of the a t t ached  v o r t i c e s  and the c o n -  
t r o l  points  ( r0 / ,  Ool ) f r o m  the  equa t ions  

%z = r z  = h  .~' 6 r (1 - -2~) ,  Ot =q~( (O ,5 - -2 ( s - -  i)) ' .V~-- t). 

oo, = , ( ( t , 5  ~ 2(s - t ) ) / : v ~  - U 

Using  the B i o t - S a v a r t  law and the equa t ion  fo r  d e t e r m i n i n g  the n o r m a l  to the s u r f a c e  of  a vane  a t  the 

poin t  ( r0/ ,  Oct ), 

%'l v - vt = (t'01, m sin 001.--m cos O0t). o o P 
1 '"" q ,  

for  the  n o r m a l  v e l o c i t y  componen t  a t  this  point  of  the i - th  a t t ached  v o r t e x  o f  the n - t h  vane we obtain  

. . . .  I ?';--6r---rc~lCOS(19fil--CZn) Fi--~F--l'olCOS(~i!--~r I (2.3) 
"c;._ (roi ,  Ooz ) v~176  (Oil) 1~ (r i 6r ,  t ) i l  ) 7~7771 - ~  67"' r 

4n ] '"'-' -: %~ 

w h e r e  

,'i~(O):= "al sin ((} - %) ,,,-Ocos(O %) 
m20"-- "~l sins (0 -- %,) 

k? ~ (r, C~) - m~O ~ r~1 + r e --  2,'r,, co.~ (0 --  ~,,); 0it ' - (~o~ -- Oi. 

F o r  the n o r m a l  c o m p o n e n t  of  the v e l o c i t y  induced by  the f ree  v o r t i c e s  coming  off the i - th  a t t ached  v o r -  
t e x  we  have  

~ , ( , ~  00l) : 

�9 , ;((,)lt+tlla.~-qrnffil} Oil 

. e a ~ ( x )  t~(,.~ . (S t .  x) - -  - ~ - ~ " "  :9 dx. "+' (2.4) 

S i m i l a r l y ,  fo r  the f r e e  v o r t e x  s t r i n g  be longing  to the i - t h  h o r s e s h o e - s h a p e d  v o r t e x  and having  the coo rd ina t e  
r a long  the he igh t  of  a vane ,  we obtain  

('iI 
~-or~ e;(,o,,~.>~_~..~.) . e: q ..... , -1~(~-, ,  ~) , : - (~- , -~ , )cos( , -%)- , . , , , . "~:~i , , (~- , , , . )dz .  

v,._ (roz. ~oz, 1") 4.~1 ,,,~- "~t :~: ~;3 (~, z> (2.5) 

T h e n  the  n o r m a l  componen t  of  the v e l o c i t y  induced b y  the i - th  h o r s e h o e - s h a p e d  v o r t e x  at  the point  ( ro t ,  Ool ) 
h a s  the  f o r m  

oo, )  : ( , .o, ,  oo t )  :- ,.:,.  ( , o i ,  Oo,) + (,.,,, - -  6,.)  - (/.ot. oo , - 

H o w e v e r ,  the condi t ions  of  nonpene t r a t i on  a t  the cy l inder  s u r f a c e s  r = 1 and h cannot  be sa t i s f ied  u s -  
ing the  v o r t e x  s y s t e m  under  cons ide ra t ion .  To  a p p r o x i m a t e l y  s a t i s fy  t h e m  we in t roduce ,  fol lowing [7], a s u p -  
p l e m e n t a r y  v o r t e x  s y s t e m  which  is a r e f l e c t i o n  r e l a t i v e  to the c y l i n d e r s  r -~ I and h of  the  v o r t e x  s y s t e m  of  
the vanes  in e a c h  c r o s s  s e c t i on  x = cons t .  A me thod  p e r m i t t i n g  an  exac t  a l lowance  fo r  the b o u n d a r y  cond i -  
t ions  at  the c y l i n d e r s  was  a l s o  s u g g e s t e d  in [7] fo r  the  so lu t ion  of  the p r o b l e m  of  s t eady  flow ove r  an  annu la r  
a r r a y  wi th  h ~ 1. T h i s  me thod  is b a s e d  on the use of  F o u r i e r  in t eg ra l s  and modi f ied  B e s s e l  funct ions.  F o r  
an  a r r a y  wi th  a dens i ty  r = 1,  an  e n t r a i n m e n t  angle  fi = 30 ~ and a vane n u m b e r  N = 4 the  coef f i c i en t  o f  the 
to ta l  f o r c e  ac t ing  on a vane  is C n a  = 2.2 for  h = 2. In ca lcu la t ions  by  the  f i r s t  me thod  for  h = 20, 10, 5, and 
2 we obta ined  Cn~  = 1.7533,  1.7393, 1 .7238,  and 1.7073,  r e s p e c t i v e l y .  In this  c a s e  the angle  of a t t a ck  v a r i e d  
l i n e a r l y  o v e r  the he igh t  of  a vane  f r o m  ~(1)  = 0.15 to  a ( h )  = 0.05. The  d e c r e a s e  in the coef f ic ien t  of  f o r c e  
in the g iven  c a s e  can  be  exp la ined  by  the fac t  that ,  in c o n t r a s t  to  the me thod  for  h ~ 1, the va r i ab i l i t y  of the  
load  in the r a d i a l  d i r e c t i o n  is t aken  into account .  It  should be noted tha t  wi th  a cons ide r ab l e  change in h the 
coe f f i c i en t  of  f o r c e  changes  l i t t le  and is c lo se  to the va lue  obtained when the bounda ry  condi t ions  at  the c y l i n -  
d e r s  a r e  exac t l y  sa t i s f ied .  In addi t ion,  a d i r e c t  ca l cu la t ion  of  the r a d i a l  ve loc i t i e s  at  the c y l i n d e r s  f r o m  al l  
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the v o r t e x  s y s t e m s  was made  in the ana lys i s  of  the method.  These  quant i t ies  did not exceed  0.01 in the e x a m -  
p les  cons idered .  One can  t h e r e f o r e  expec t  tha t  the method using re f l ec ted  v o r t e x  s y s t e m s  a l so  gives  s a t i s -  
f ac to ry  r e s u l t s  in a solut ion of the nonsteady p rob lem.  

The  n o r m a l  components  of  the ve loc i t ies  induced by  the r e f l ec t ed  v o r t e x  s y s t e m  a re  de t e rmined  f rom 
Eqs.  (2.3)-(2.5), in which one m u s t  r ep l ace  r i • 6r  by  1 / ( r  i + 6 r )  or  by  hZ/(r i  + 5 r ) ,  r e spec t ive ly .  

Now requ i r ing  that  the condition of nonpenetra t ion of the su r face  of the f i r s t  vane be  sa t is f ied ,  we ob-  
ta in  a s y s t e m  of a lgebra ic  equat ions,  complex  with r e s p e c t  to j, for de te rmin ing  the intensi ty of the at tached 
v o r t i c e s ,  

where  A is a m a t r i x  with the e l emen t s  

A X  = B ,  (2.6) 

~ r -  1 

- -  l l i  - -  U),~l,i)~, 
n = 0  

i, l = 1 , . . .  ,M,  M = Nix  N 2, the quant i t ies  v~l/i and v~2/i de t e rmine  the n o r m a l  ve loc i t ies  produced by  the 

r e f l ec t ed  s y s t e m ;  X = { r  i} is the vec t o r  cons t ruc ted  f r o m  the unknown intensi t ies  of the at tached vo r t i ce s ;  
B = { Vv (roZ, OoZ )}. 

Finding r i f r o m  the s y s t e m  (2.6), we can  ca lcu la te  the nonsteady ae rodynamic  c h a r a c t e r i s t i c s  both for 
an en t i re  vane and for sec t ions  of it  in height. Defining the p r e s s u r e  d rop  at  a vane f rom the Zhukovski i  
t h e o r e m  "in smal l , "  

[p] =- -pv l ( r )?  + (r, 0), 

and an e l emen t  of vane a r e a  f r o m  the equat ion 

dS = r~l,/m~m ~ @ rSdrdO, 

we find that  the ae rodynamic  force  act ing on a vane  is 

h ~  

P -- -- pr~ ~ j" v, (r)V-'m ~ -t- r~Y+( r, O) drdO (2.7) 

or ,  in d imens ion les s  fo rm,  

C~ = Be C~ + j Im C~ = P / ~  pv~S. (2.8) 

Here  y+(r ,  0 ) is the intensi ty  of  the a t tached v o r t i c e s  continuously d is t r ibuted  over  the vane su r face ;  p is the 
fluid density.  

Substituting (2.7) into (2.8), we rep lace  y + ~ m  2 + rld0 by  v0 r i ,  dr  by  26r ,  and change f rom in tegra l s  to 
finite sums .  Then  

M 

c,, 

Simi la r ly ,  for the coeff ic ient  of ae rodynamic  fo rce  act ing on the l - t h  c r o s s  sec t ion  (l = 1 , . . . ,  NI) over  the 
height  of a vane,  we have 

o . 2 
4 ~ r ] .  / m "  - i-  r 0 N~ 

c., - - - = - = ,  1 / + sl ,  ("~" : rr) ~=1 

S 1 = S/r~ and Sll = S l / r ~  a r e  the d imens ion less  a r e a  of a vane and of i t s  ~-th where  Cnl= Pb/(0.5) p ~ ( r / )  S l ; 
band in height, r e spec t ive ly .  

The  a lgor i thm for calcula t ing the i m prope r  in tegra l s  en ter ing  into Eqs.  (2.4) and (2.5) has  cons iderable  
influence on the a c c u r a c y  and t ime  of the calculat ion.  In cons t ruc t ing  it we fac tor  the integrands into two 
p a r t s  such that  one of them contains  a l m o s t  a l l  the s ingula r i t i es  and its in tegra l  is found exact ly ,  while the 
in tegra l  of the second p a r t  can  be  ca lcula ted  by  mechan ica l  quadra tu res  with a smal l  e r r o r .  As the f i r s t  pa r t  
it is  convenient  to  take integrands with n = 0 and x << 1, s ince the s ingular i t ies  when the contro l  point (r0l ,  
Ool) l ies  near  a h o r s e s h o e - s h a p e d  vo r t ex  a r e  e l imina ted  in this  case .  We r e p r e s e n t  the resu l t ing  in tegra ls  in 

the fo rm 
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: S :(x)dx + S (2.9) 
- ~  --A --co 

where f(x) is an integrand function without a singularity, while A >> 1 is chosen in such a way tl~t the second 
integral can be neglected while making only a small error. We use the following procedure to calculate the 
first integral on the right side of (2.9). We consider the indefinite integral 

O 

u (o) ~ / (x) dx 
-A 

for values of 0 assigned in the interval [- A, 2 r ]. We calculate the values of the function y for a given grM 

of values of the argument 0:0n = --A + nh i (n = 0, i,...), from the equation Yn+i = Yn + 0.5hi(fn + fn+i) for 

a t r a p e z o i d .  T h e n  u s i n g  l i n e a r  i n t e r p o l a t i o n ,  we  f ind  the  r e q u i r e d  v a l u e s  of the  i n t e g r a l s  a t  0 = ~ i l .  T h e  p r o -  
p o s e d  m e t h o d  l e t s  us  e n t i r e l y  e l i m i n a t e  r e p e a t e d  c a l c u l a t i o n s  of the  i n t e g r a n d  and t h e r e b y  c o n s i d e r a b l y  r e d u c e  
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the computer  t ime needed to calculate the e lements  of the mat r ix  A. 

3. The dis t r ibuted and total nonsteady aerodynamic  charac te r i s t i c s  of a number of annular a r r a y s  were  
calculated on a BESM-6 computer  by the a lgor i thm presented.  Since unrolling a cyl indr ical  c ross  section of 
the annular a r r a y s  under considerat ion onto a plane gives an a r r a y  of plates,  we compared  the resu l t s  ob- 
tained with the data of [4]. In this case  the p a r a m e t e r s  charac te r iz ing  the geomet ry  of the a r r a y  and the v i -  
bra t ion  p rocess  were  determined at the middle radius  of the annular channel: m = r0cot  fl (fl is the en t ra in-  
ment  angle of the a r r a y ) ,  the densi ty of the a r r a y  is T = r  the vane aspect  ra t io  is X = 
(h  - 1)Z/S1, and the Strouhal number k = ~tb0/v 0 = 2 r ~ C 4 m  z ~ +  r~ ]v  0 is connected with the quantity q by 
the re la t ion k = 2r + r~ q. Here b0 is the length of the chord of a vane at  the middle radius of the chan-  
nel. 

Below we consider  bend ing- twis t ing  vibrat ions  of a vane as a r igid body in the c ros s  sect ion r = const. 
In the case  of twisting vibrat ions re la t ive  to some center  with the coordinate 0 = 00 and an angle a ( t )  

ee jc~ the r ight  side of the sys t em of equatic~_s (2.6) has  the form 

1~12 ~ '  r~ 
v,. (~o,. Oo,) = ~ ~,' ,,.. --,- ~T, ~'o [l~,~ (Oo~ - Oo) + II. 

where  e << 1 is the angular  amplitude of the vane vibrat ions.  

To  de termine  the coefficient of the nonsteady aerodynamic  force act ing on an ent i re  vane or a c ross  
sect ion of it in height  during bending vibrat ions  we made calculat ions for two twisting centers  and used the 
equation 

I%1 C,~ = C~o -- ~ C~, 

where Cnu 0 = Cn0/U(t )  is the coefficient  of the normal  force  during twiss vibrat ions relat ive to the mid-  
die of a vane ( 0 0 = 0); Cnn is the coefficient  of force  during bending vibrat ions  in the d i rec t ion  of the normal  
to the vane surface.  

The calculat ions presented below were  made with h = 2. In Figs.  2 and 3 we present  the coefficients of 
nonsteady aerodynamic  forces  Cna  = Re Cnu + f Im Cnu during twisting vibrat ions about the middle of a 
vane as functions of the density r of the a r r a y  for entrainment  angles fl = 30 and 60 ~ respect ively.  Here the 
Strouhal number  is k = 0.5, the phase shift is #v = 0, and the number of vanes is N = 4. In Figs. 2-6 the 
dependences for the force acting on the middle c ros s  sect ion of the vane a re  shown by solid lines while those 
for  the force  calculated for the corresponding a r r a y  of plates [4] a re  shown by dashed lines. As seen f rom 
these calculat ions,  the difference between the resu l t s  is slight for fl = 30 ~ ; for l a rge r  entra inment  angles 
(fl = 60 ~ ) this difference becomes  important .  Thus,  one can conclude that the effects of the th ree -d imens ion-  
ali ty of the flow a r e  manifes ted to a g rea te r  degree  with an increase  in the entra inment  angle. 

The coefficients of nonsteady aerodynamic  forces  as functions of the phase shift ~ r  between the v ib r a -  
tions of neighboring vanes during twisting vibrat ions about the middle and bending vibrat ions a re  shown in 
Figs.  4 and 5, respect ively .  The calculat ions were  made for values of �9 = 1, ~ = 30 ~ k = 0.5, N = 4, and 

= a /2  (a  = 0, 1, 2, 3).  A compar i son  with the resu l t s  of the plane theory shows that the maximum di f fer -  
ence is observed for vibrat ions in antiphase (/z = 1). This  fact also follows from the calculat ion resu l t s  p r e -  

sented in [5]. 

The nonsteady aerodynamic  coefficients as functions of the Strouhal number k at  fl = 30 and 60 ~ a re  
shown in Fig. 6. Here  we took T = 0.5, ~ = 0, 00 = 0, and N = 4. It should be noted for fl = 30 ~ the resu l t s  of 
calculations by the proposed method and for an a r r a y  of plates a r e  a lso ve ry  close in this case,  except for the 
region of k = 0 where we did not observe  a sharp  change in the aerodynamic  cha rac te r i s t i c s  as in the plane 
theory  [4]. For  ~ = 60 ~ the difference in the resu l t s  is considerable,  especial ly  in the region of smal l  Strouhal 
numbers  (k ~ 0.5), while the influence of the three-d imensional i ty  of the flow dec reases  with an increase  in 
the Strouhal number.  

The values of the coefficients of the total  force and of the force in the middle c ros s  section pract ical ly  

coincide in these examples.  
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N O N S T E A D Y  E S C A P E  O F  G A S  I N T O  A V A C U U M  

T H R O U G H  A S E M I P E R M E A B L E  S C R E E N  

G.  I .  G a n n o c h e n k o  UDC 533.6.011.533.697 

The  p rob l em of the distr ibus of the p a r a m e t e r s  of a gas in a r a r e f ac t i on  wave dur ing the nonsteady 
e s c a p e  of the gas into a vacuum through a s c r een ,  which has  a hydrodynamic  r e s i s t a n c e  and r e m o v e s  pa r t  of 
the gas  energy ,  is solved by the method of the theory  of s i m i l a r i t y  and dimensional i t ies .  

Suppose that  a plane x = 0 (Fig. 1) s e p a r a t e s  a leA-hand ha l f - space  x < 0, filled with an ideal gas h a v -  
ing the p a r a m e t e r s  P0, P0, and T O and an equation of s ta te  p = pT,  f rom a r igh t -hand  ha l f - space ,  a vacuum 
1 (x > 0). 

At some  m o m e n t  the gas  s t a r t s  to e s cap e  into the vacuum through an infinitely thin s c r e e n  2 located in 
th is  plane which p o s s e s s e s  a hydrodynamic  r e s i s t a n c e  and r e m o v e s  pa r t  of the ene rgy  of the s t r e a m .  The  
f ront  of a r a r e f a c t i o n  wave 3 p ropaga tes  away f rom the s c r e e n  to the left  ( through the undisturbed gas } and 
the boundary  of the expanding gas  4 p ropaga tes  to the r ight .  The  p a r a m e t e r s  of the flow in the r a r e f a c t i o n  
wave to the lef t  of the plane x = 0 have  the index 1 while the p a r a m e t e r s  of the flow to the r ight  of this plane 
have  the index 2. 

We a s s u m e  that the spec i f ic  flow r a t e  of gas  through the s c r e e n  depends on the p r e s s u r e  drop a t  the 
s c r e e n  in the following way: 

q = a(pl0 - -  P20), 

where  Pt0 and 1~0 a r e  the gas  p r e s s u r e s  a t  the plane x = 0 to the lef t  and r ight  of the sc reen ;  ~ is the coe f -  
f icient  of pe rmeab i l i t y  of the sc reen .  

=',fl ~o l=2fx 

Fig. 1 

Moscow. T r a n s l a t e d  f r o m  Zhurnal  Pr ik ladnoi  Mekhaniki i Tekhnicheskoi  Fiz iki ,  No. 4, pp. 97-102, 
Ju ly-August ,  1979. Original  a r t i c l e  submi t ted  July 3, 1978. 

0021-8944/79/2004-0467507.50 �9 1980 Plenum Publishing Corpora t ion  467 


